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We consider current-current deformations that generalise TT ones, and show that they may be also
introduced for integrable spin chains. In analogy with the integrable QFT setup, we define the
deformation as a modification of the S matrix in the Bethe equations. Using results by Bargheer,
Beisert and Loebbert we show that the deforming operator is composite and constructed out of two
currents on the lattice; its expectation value factorises like for TT . Such a deformation may be
considered for any combination of charges that preserve the model’s integrable structure.
PACS numbers: 02.30.Ik, 11.30.Na, 11.55.Bq
Introduction. Exactly-solvable models play a crucial
role in theoretical physics. Important examples arise
in lattice systems, such as spin chains, and in two-
dimensional quantum field theory (QFT). Integrable
(quantum) spin chains are known since the pioneering
work of Bethe [1], who showed how to characterise the
spectrum of the Heisenberg model in terms of a simple
set of polynomial equations. To date, the technique to
solve this and other more complicated spin chains goes
under the name of Bethe ansatz [2], see also ref. [3] for a
recent review. Bethe ansatz methods found applications
also in two-dimensional QFTs — we talk then of inte-
grable QFTs (IQFTs) — even though the details there
are more involved, as it may be expected. Regardless,
their physics is similar: integrable spin chains as well as
IQFTs possess an infinite number of conserved charges,
mutually commuting, which greatly constrain their dy-
namics (see e.g. refs. [4, 5] for reviews of integrability).
Integrable models are not easy to find. Therefore, it of-
ten makes sense to construct new models as deformations
of known ones. For two-dimensional QFTs, one such way
to construct models is to consider current-current defor-
mations, that is to say to define an α-deformed Hamilto-
nian H(α) by the differential equation
d
dα
H(α) = OXY =
∫
dxXµ(x;α)Yν(x;α) ǫµν , (1)
where Xµ and Yµ are conserved currents,
∂
∂t
X 0 = −
∂
∂x
X 1 ,
∂
∂t
Y0 = −
∂
∂x
Y1 . (2)
It can be shown following [6] that the composite opera-
tor OXY is well defined at the quantum level by point-
splitting regularisation. Moreover, its expectation value
factorises on energy and momentum eigenstates,
〈OXY〉 =
∫
dx 〈Xµ(α)〉 〈Yν (α)〉 ǫµν . (3)
One well-studied setup is when both currents arise
from the same irrotational conserved current J µ. In this
case setting Xµ ≡ J µ and Yµ ≡ ǫµνJν gives rise to the
so-called JJ¯ deformations. These are very natural for
two-dimensional conformal QFTs (CFTs), as they pre-
serve scale invariance. The well-definedness of OXY and
the factorisation (3) are quite natural then, as we are
dealing with chiral and antichiral currents.
More recently, another current-current deformation
has attracted much attention: the TT deformation [7, 8].
This can be defined as in (1) by setting Xµ = T µ0 and
Yµ = T µ1. The resulting theory is Poincare´ invariant,
and it has numerous intriguing properties. First of all,
the factorisation (3) together with the relation of T µν to
energy and momentum allows us to turn (1) into a flow
equation for the energy levels of the theory,
∂αH(R,α) = H(R,α)∂RH(R,α) +
1
R
P 2 . (4)
Here H(R,α) is the energy of a given state in volume R
in the α-deformed theory, while P = 2πn/R is the
(quantised) momentum. This yields the spectrum of any
deformed theory from the undeformed one. Moreover,
this sort of deformation is very good at respecting sym-
metries, such as supersymmetry [9–12], modular invari-
ance [13], and most remarkably integrability [7, 8]. This
means that if the original theory is integrable — it pos-
sesses infinitely-many conserved charges that constrain
its dynamics — the deformed theory is too. This also
applies if the original theory is a CFT, by virtue of its
integrable structure, cf. [14–16]. Despite this constrained
structure, our understanding of TT deformations is far
from complete. As the deformation is irrelevant, the re-
sulting theory is quite unusual from a Wilsonian point of
view. These deformations seem related to gravity [17–
20], random geometries [21], and string theory [8, 22–27]
(see also [28, 29] for earlier observations of the relation
between strings and TT , and [30–32] for relations with
holography).
To obtain more insight into such a deformation we may
try to define it in the presumably simpler framework of
2quantum mechanics, as opposed to QFT. Work in this
direction, inspired by holography, was done in [33]. Here
we take a different road, focussing on integrable mod-
els. Both IQFTs and integrable spin chains are described
by Bethe ansatz techniques. Moreover, TT deformations
may be defined using the Bethe ansatz [8]. This is even
true for generalised versions of TT , where the currents
in (1) are chosen among the infinitely-many conserved
commuting charges of the theory, as suggested in [7] (one
needs however to use generalisations of the Bethe ansatz
machinery [34]).
Below we introduce a spin-chain version of TT de-
formations (more generally, of current-current deforma-
tions) starting from the Bethe ansatz, which we briefly
review. Our task is helped by previous studies of inte-
grable spin-chain deformations [35, 36]. It is then easy to
see that the deforming operator obeys a discretised ver-
sion of (1), and that the spin-chain equivalent of OXY
also factorises like in (3). Still the resulting deformations
are all but trivial, as we discuss on some examples.
Note added. At a late stage of this work, Ref. [37]
appeared; therein, among other things, the relation be-
tween TT deformations and Refs. [35, 36] was also noted
and used to obtain a discretised version of (1), which
appears to agree with our own (19).
Integrable deformations in the Bethe Ansatz. When
we consider an IQFT in large volume, that is with
R≫ 1/m if m is the typical mass-scale of the theory, the
spectrum can be approximately described by the Bethe-
Yang equations. Schematically,
eipjR
N∏
k 6=j
S(pj , pk) = 1 , j = 1, . . .N , (5)
for a state containing N particles of momenta p1, . . . pN .
Eq. (5) is valid for a theory with a single flavour, so that
the S-matrix S(p1, p2) is a C-number; the case of many
flavours can be addressed using nested Bethe equations,
see e.g. [3]. For our discussion this is merely a technical
complication. It is also worth stressing that the finite-
R spectrum is given by a set of thermodynamic Bethe
ansatz (TBA), which differ from the Bethe-Yang results
by terms of order e−mR [38, 39]. We refrain from intro-
ducing them only because they would somewhat obscure
our exposition. With these caveats in mind, (5) provides
a set of quantisation conditions for the momenta pj . The
energy can be then computed when all particles are well-
separated, and is given by
H =
N∑
j=1
H(pj) , (6)
where for a relativistic theory H(p) =
√
p2 +m2. Let us
now define a deformation of such a theory by means of
a CDD factor [40] constructed out of a symplectic form
on the space of commuting conserved charges of the the-
ory [41, 42]. This modifies (5) as
S(pj , pk)→ e
iα(XjYk−XkYj) S(pj , pk) , (7)
where Xj is the value of some chargeX on the state |pj〉,
and similarly Yj . Eqs. (5, 7) may be rewritten in terms
of the original S-matrix as
eipjR+iα(XjY−YjX)
N∏
k 6=j
S(pj, pk) = 1. (8)
Here X and Y are the total values of the charges, cf. (6).
A TT deformation arises for Xj = pj and Yj = H(pj).
Taking for simplicity P = 0, we immediately see that
the total-energy contribution αH shifts the volume R.
The flow equation (4) may be derived from this construc-
tion, or from the TBA construction (also for P 6= 0) [8].
This setup is even more general: X and Y can be
any two commuting charges acting diagonally on well-
separated multi-particle states |p1, . . . pN 〉. E.g., they
may be flavour charges, or they may belong to the infinite
family of mutually-commuting charges of the IQFT. The
general setup (7–8) is our starting point for discussing
spin-chain deformations.
Bethe ansatz for integrable spin-chains. Let us review
the Bethe ansatz for spin chains. A good example to keep
in mind is the Heisenberg model (see e.g. [2, 3]). How-
ever, much of what we will say applies more generally. A
spin-chain is a one-dimensional model of R ordered sites,
each hosting a spin (the fundamental representation of
su(2) for the Heisenberg case). The spin-chain dynamics
is defined by the nearest-neighbour Hamiltonian
H =
∑
j
hj,j+1 . (9)
In the Heisenberg case hj,j+1 is essentially the permu-
tation operator which swaps two neighbouring spins. It
turns out that like in IQFT, in infinite volume R = ∞
H is just one of infinitely-many conserved charges, all
mutually commuting. Here they can all be generated
from appropriately expanding the “transfer matrix”, see
e.g. [2, 3]. Higher charges are less and less local. We may
indicate them as Hn, where n both labels the charge and
indicates its range (in this sense H ≡ H2). When R is
finite and we impose periodic boundary conditions, we
may write down a set of Bethe ansatz equations [1–3].
Formally this reads exactly like (5). Now pj are mo-
menta of some magnons — fictitious excitations over an
arbitrary vacuum. In practice, the vacuum state is given
by the single lowest-spin state in the Hilbert space (all
spins “pointing down”); this is not necessarily the lowest-
energy state. A magnon of momentum p corresponds to
overturning a single spin in a plane-wave configuration
of definite momentum. It is worth remarking that, while
3this system is not relativistic, it enjoys translation invari-
ance. In particular, the shift operator U which moves
each site to the right, j 7→ (j + 1), commutes with all
Hn (both when R = ∞ and for periodic boundary con-
ditions); the spin chain is homogeneous. On a multi-
magnon state we have that
U |p1, . . . , pN〉 = e
−i(p1+···+pN ) |p1, . . . , pN 〉 . (10)
The energy of a state is still given by (6), up to a constant
shift due to the vacuum energy which we will disregard.
Similar formulae hold for the Hns, in terms of densi-
ties H(n)(p) which may be determined from the transfer
matrix, see e.g. [43] for a few examples. Importantly, the
dispersion relation for the various charges is no longer rel-
ativistic but it takes a periodic form, e.g. H(p) ≈ sin2 p.
This periodicity is a signature of the lattice structure; in-
deed had we explicitly introduced a spacing between the
lattice sites this would have featured in the dispersion.
CDD deformations of a spin chain. Given that for-
mally both IQFTs and (certain) integrable spin chains
are described by Bethe equations, it is tempting to try
to generalise TT deformations to spin chains through the
CDD deformation (7–8). A natural question is what the
deformed HamiltonianH(α) might be and whether it de-
scribes a bona-fide spin-chain. Thankfully, this question
was answered in broad generality in Refs. [35, 36]. There
the authors consider all deformations that preserve inte-
grability and give rise to a local homogenous spin-chain
order-by-order in α. In practice, they consider deforma-
tions induced by
d
dα
Hn(α) = i
[
O(α),Hn(α)
]
, (11)
where O(α) should be judiciously chosen so that the
right-hand side is a local, homogeneous charge. The ini-
tial conditions are given by the undeformed Hns. The
upshot of this definition [36] is that by Jacobi identity
d
dα
[
Hn(α),Hm(α)
]
= i
[
O(α),
[
Hn(α),Hm(α)
]]
. (12)
Hence the original algebra is preserved by such a defor-
mation (in particular when [Hn,Hm] = 0). This allows
us to formally define a deformed transfer matrix by sum-
ming up the charges Hn(α). Moreover, (11) may be for-
mally integrated
Hn(α) = Hn(0) + i
α∫
0
dα′
[
O(α′),Hn(α
′)
]
, (13)
and solved perturbatively in small-α [36], yielding longer-
range terms at each order. The authors of [35, 36] list
several choices of O(α). Remarkably, there is one that
corresponds to (7–8), and is given by a bilocal operator
O = [X|Y] =
∑
a.b
xa yb =
∑
a.b
yb xa , (14)
defined on an infinite chain. This features the two local-
operator densities xa,yb acting at sites a, b with finite
range. The sum is such that the two densities do not
overlap, and hence commute [44]. Under this condition,
it can be shown [36] that (14) generates precisely the
CDD factor (7) when used in eq. (11), with Xj in (7)
satisfying X|pj〉 = Xj|pj〉 (and similarly Yj). Remark
that this construction is rigorous for infinite chains. The
α-expansion gives increasing-range operators, so that for
finite chain the construction is correct up to “wrapping
order” [36].
The deforming operator. To make contact with or-
dinary TT deformations, let us work out explicit form
of the flow equation (11) for the Hamiltonian (i.e., for
n = 2). The right-hand side depends on i[H,xa] =
d
dtxa
and ddtyb (recall that H ≡ H2 is the generator of time-
evolution),
d
dα
H(α) = −
∑
a.b
(
xa
dyb
dt
+ yb
dxa
dt
)
. (15)
Recall that xa and yb commute (14). To evaluate this
expression, it is convenient to introduce a discretised ver-
sion of the continuity equation (2),
dxa
dt
= −∆χa ≡ χa−1 − χa . (16)
where χa is the current corresponding to xa at site a;
similarly ya and ηa. Plugging (16) into (15), one of the
two sums telescopes and we find
dH
dα
=
∑
a
Oxy(a, r) ≡
∑
a
(
ya+rχa − ηa+r−1xa
)
. (17)
To obtain this form, we assumed that the xa and yb were
separated by a range r in (14) and that we may discard
the current flow at the end on the (infinite) chain. This
equation is reminiscent of the “current-current” deforma-
tion (1); it would match it if we could define a Lorentz
vector Xµ(a) = (xa, χa) — a current with “discrete” con-
servation law (16). Even though this is improper, as the
theory is not Lorentz invariant, it is worth noting that
the expression in (17) satisfies all the nice properties of
current-current operators pointed out in [6]. The expec-
tation value 〈ψ|Oxy(a, r)|ψ〉 on an eigenstate of H does
not depend on r; more precisely
∆(r)〈ψ|Oxy(a, r)|ψ〉 = 0 . (18)
Eq. (18) follows almost verbatim from Zamolodchikov’s
arguments [6] up to trading the space-derivative for its
discrete version ∆, and using the fact that the spin-chain
is homogeneous. Therefore we can set r = 0 in (17),
d
dα
〈ψ|H(α)|ψ〉 =
∑
a
〈
ψ
∣∣yaχa − ηa−1xa∣∣ψ〉 , (19)
4which closely reminds (1) [45]. Additionally, by r-
independence and the fact that the spin-chain is ho-
mogenous, one can show that the expectation value of
Oxy(a, r) factorises and
〈ψ|Oxy|ψ〉
R
= 〈ψ|y|ψ〉〈ψ|χ|ψ〉 − 〈ψ|η|ψ〉〈ψ|x|ψ〉 , (20)
where we suppressed the dependence on a in xa, etc.,
thanks to translation invariance. This holds on the eigen-
states |ψ〉 of H (and of X and Y, which we assumed to
commute with it). Eq. (20) also holds on any state of the
position-space basis, because the two operators do not
act on the same sites.
Flow of higher charges. The machinery of Ref. [36]
allows us to study the variations of any of the mutually
commuting charges Hn, not just of H. The main differ-
ence is that in deriving (15) we will encounter commu-
tators like i[Hn,xa]. These may be interpreted as the
time-evolution generated from the “Hamiltonian” Hn,
similarly to the “Hamiltonians” which generate the in-
variant tori for the Liouville-Arnol’d theorem in classical
mechanics (cf. [46]). It was put forward in Ref. [37] based
on earlier work [47, 48] that generalised current operators
may be introduced with respect to these flows (the rela-
tion between such currents and long-range chains was
noted in [48]). Once that is observed, all steps leading to
Eq. (19) may be repeated verbatim, and all properties of
Oxy(a, r) will hold by the same arguments.
Deformation by spin and energy. As a first example,
we consider the Heisenberg chain and take the two op-
erators appearing in (14) to be the su(2) spin along one
preferred direction, and the Hamiltonian density, respec-
tively:
xa = sa , yb = hb,b+1 . (21)
The spin S commutes with H and all other Hn. When
integrating (13) we encounter a simplification:
d
dα
S = 0 . (22)
Still ddαH 6= 0. The effect of such a deformation in the
Bethe ansatz is to introduce a CDD factor of the form
(sjHk− skHj). Up to a normalisation, Hj ≈ sin
2(pj); as
for sj , each magnon increases the spin by one unit, sj =
+1. Therefore we get the (asymptotic) Bethe equations
eipjR+iα(HjN−H)
N∏
k 6=j
S(pj, pk) = 1 , (23)
while (6) remains unchanged. One immediate conse-
quence, obvious from the form of our deformation, is that
su(2) invariance is broken [49]. Such deformations were
studied in [43] for the XXZ model, which has no su(2)
symmetry from the get-go, but may be considered for any
model with flavour symmetry at the price of breaking it
to its Cartan subalgebra.
Deformations by higher charges. Refs. [35, 36] focus
on deformations by arbitrary combinations of the higher
charges, i.e.
O = [Hn|Hm] , n,m ≥ 2 . (24)
In principle these arbitrary deformations are defined in
terms of the same “current-current” operator (19). In
practice we expect the deformation to be fairly unwieldy
already at first orders in α. It is worth remarking that
even in QFT analogous deformations are only partially
understood. In particular, recent efforts to describe gen-
eralised TT deformations involving higher charges have
pointed to the necessity of introducing a “mirror” (in the
sense of Refs. [50, 51]) generalised Gibbs ensemble [52].
It appears that deforming even a simple theory (say, a
free CFT) in this fashion leads to intricate models. It
might be easier to consider the case of e.g. [S|Hn], as
again (22) will hold.
Deformations by momentum and energy. Finally we
come to the case which should most closely correspond
to TT deformations, i.e. that of [P|H]. This immedi-
ately appears problematic. Firstly, P is not a symmetry
generator of the theory. Indeed, only finite shifts (as op-
posed to infinitesimal ones) may be realised on a spin
chain. Momentum is related to the logarithm of the shift
operator U, cf. (10). Defining such an operator would
require picking a branch. This is nicely illustrated by the
would-be deformation of the Bethe equations,
eipj(R+αH)−iαHjP
N∏
k 6=j
S(pj , pk) = 1 . (25)
Even if we decided to restrict for simplicity to cyclically
invariant chains for which P = 0, we are still faced with a
problem. These “Bethe equations” are not invariant un-
der a periodic shift p→ p+2π, because αH (unlike R) is
not quantised. As a result these equations do not define a
lattice system in the usual sense, even for small deforma-
tions. It might be worth studying this problem in a “cov-
ering space” of sorts, to resolve the branches of the loga-
rithm, bearing in mind that the construction of ref. [36] is
not directly applicable here because [P|H] is not bilocal.
CDD factors leading to equations like (25) do appear in
many interesting models, chiefly in the AdS3/CFT2 cor-
respondence [53–56], see ref. [57] for a review. In that
case there are even explicit examples of integrable string
backgrounds whose finite-volume spectrum is described
by the Bethe-Yang equations exactly [22, 58, 59] — the
TBA trivialises. Because of the absence of wrapping ef-
fects and in view of the simplicity of the Bethe-Yang
equations, these systems call for a quantum-mechanical
(as opposed to QFT) interpretation, which the present
framework might provide.
Conclusions and outlook. We have seen that, exploit-
ing their Bethe-ansatz formulation, current-current de-
formations akin to TT may be defined for spin chains in
5the framework developed by Bargheer, Beisert and Loeb-
bert [35, 36]. The discretised current-current composite
operator (19) satisfies the same properties of Zamolod-
chikov’s TT [6]. This points at the possibility of studying
these types of deformations on one-dimensional lattices.
These deformations are well-defined for infinitely long
chains [35, 36] (otherwise, the deformation would “wrap”
the chain). It is perhaps most interesting to exploit this
framework with a continuum limit in mind. This looks
like an interesting but highly non-trivial challenge. In
that limit it should also be possible to recover the mo-
mentum operator, which so far does not seem to find
a place in this discretised models. It would be inter-
esting to understand the role of momentum better due
to its importance for AdS3/CFT2 integrability [22, 53–
59]. It is more straightforward conceptually, though per-
haps cumbersome, to work with the higher charges Hn;
these are the counterparts of the higher-spin charges in
IQFTs, which can also be studied by generalised Bethe
ansatz techniques [34]. A major advantage of the defor-
mation (19), together with its factorisation property, is
the possibility at least in principle of writing flow equa-
tions similar to (4) and to the generalised ones discussed
in [34, 60]. It would be interesting to study these issue
further and relate the IQFT and spin-chain pictures.
Acknowledgments. We are grateful to Niklas Beis-
ert and Florian Loebbert for enlightening discussions on
their older work which is at the heart of this paper. We
also thank Andrea Dei, Christian Ferko, Sergey Frolov,
Stefano Negro and Roberto Tateo for discussions and
feedback on a draft of this manuscript. We thank Bala´sz
Pozsgay for pointing out to us some related earlier work
of his. A.S. is grateful to Jorrit Kruthoff for discussions
related to these ideas. He would also like to thank the
participants of the workshop New frontiers of integrable
deformations for stimulating related discussions. A.S.’s
work is funded by ETH Career Seed Grant No. SEED-23
19-1, as well as by the NCCR SwissMAP, funded by the
Swiss National Science Foundation.
∗ enrico.marchetto.4@studenti.unipd.it
† sfondria@itp.phys.ethz.ch
‡ yangzho@student.ethz.ch
[1] H. Bethe, Z. Phys. 71, 205 (1931).
[2] L. D. Faddeev, , pp. 149 (1996),
arXiv:hep-th/9605187 [hep-th].
[3] F. Levkovich-Maslyuk, J. Phys. A49, 323004 (2016),
arXiv:1606.02950 [hep-th].
[4] P. Dorey, , 85 (1996), arXiv:hep-th/9810026 [hep-th].
[5] D. Bombardelli, A. Cagnazzo, R. Frassek,
F. Levkovich-Maslyuk, F. Loebbert, S. Negro,
I. M. Szcsnyi, A. Sfondrini, S. J. van Tongeren,
and A. Torrielli, J. Phys. A49, 320301 (2016),
arXiv:1606.02945 [hep-th].
[6] A. B. Zamolodchikov, (2004),
arXiv:hep-th/0401146 [hep-th].
[7] F. A. Smirnov and A. B. Zamolod-
chikov, Nucl. Phys. B915, 363 (2017),
arXiv:1608.05499 [hep-th].
[8] A. Cavaglia`, S. Negro, I. M. Sze´cse´nyi, and R. Tateo,
JHEP 10, 112 (2016), arXiv:1608.05534 [hep-th].
[9] M. Baggio, A. Sfondrini, G. Tartaglino-Mazzucchelli,
and H. Walsh, (2018), arXiv:1811.00533 [hep-th].
[10] C.-K. Chang, C. Ferko, and S. Sethi, (2018),
arXiv:1811.01895 [hep-th].
[11] H. Jiang, A. Sfondrini, and G. Tartaglino-
Mazzucchelli, Phys. Rev. D100, 046017 (2019),
arXiv:1904.04760 [hep-th].
[12] C.-K. Chang, C. Ferko, S. Sethi, A. Sfon-
drini, and G. Tartaglino-Mazzucchelli, (2019),
arXiv:1906.00467 [hep-th].
[13] O. Aharony, S. Datta, A. Giveon, Y. Jiang, and D. Ku-
tasov, JHEP 01, 086 (2019), arXiv:1808.02492 [hep-th].
[14] V. V. Bazhanov, S. L. Lukyanov, and A. B.
Zamolodchikov, Commun. Math. Phys. 177, 381 (1996),
arXiv:hep-th/9412229 [hep-th].
[15] V. V. Bazhanov, S. L. Lukyanov, and A. B.
Zamolodchikov, Commun. Math. Phys. 200, 297 (1999),
arXiv:hep-th/9805008 [hep-th].
[16] V. V. Bazhanov, S. L. Lukyanov, and A. B.
Zamolodchikov, Commun. Math. Phys. 190, 247 (1997),
arXiv:hep-th/9604044 [hep-th].
[17] S. Dubovsky, V. Gorbenko, and M. Mirbabayi,
JHEP 09, 136 (2017), arXiv:1706.06604 [hep-th].
[18] S. Dubovsky, V. Gorbenko, and G. Herna´ndez-Chifflet,
JHEP 09, 158 (2018), arXiv:1805.07386 [hep-th].
[19] R. Conti, S. Negro, and R. Tateo, JHEP 02, 085 (2019),
arXiv:1809.09593 [hep-th].
[20] T. Ishii, S. Okumura, J.-I. Sakamoto, and K. Yoshida,
(2019), arXiv:1906.03865 [hep-th].
[21] J. Cardy, JHEP 10, 186 (2018),
arXiv:1801.06895 [hep-th].
[22] M. Baggio and A. Sfondrini,
Phys. Rev. D98, 021902 (2018),
arXiv:1804.01998 [hep-th].
[23] S. Frolov, (2019), arXiv:1905.07946 [hep-th].
[24] A. Hashimoto and D. Kutasov, (2019),
arXiv:1907.07221 [hep-th].
[25] A. Sfondrini and S. J. van Tongeren, (2019),
arXiv:1908.09299 [hep-th].
[26] N. Callebaut, J. Kruthoff, and H. Verlinde, (2019),
arXiv:1910.13578 [hep-th].
[27] A. J. Tolley, (2019), arXiv:1911.06142 [hep-th].
[28] S. Dubovsky, R. Flauger, and V. Gorbenko,
JHEP 09, 133 (2012), arXiv:1205.6805 [hep-th].
[29] M. Caselle, D. Fioravanti, F. Gliozzi, and R. Tateo,
JHEP 07, 071 (2013), arXiv:1305.1278 [hep-th].
[30] L. McGough, M. Mezei, and H. Verlinde,
JHEP 04, 010 (2018), arXiv:1611.03470 [hep-th].
[31] A. Giveon, N. Itzhaki, and D. Kutasov,
JHEP 07, 122 (2017), arXiv:1701.05576 [hep-th].
[32] S. Chakraborty, A. Giveon, and
D. Kutasov, J. Phys. A52, 384003 (2019),
arXiv:1905.00051 [hep-th].
[33] D. J. Gross, J. Kruthoff, A. Rolph, and E. Shaghoulian,
(2019), arXiv:1907.04873 [hep-th].
[34] G. Hernndez-Chifflet, S. Negro, and A. Sfondrini,
(2019), arXiv:1911.12233 [hep-th].
[35] T. Bargheer, N. Beisert, and F. Loeb-
6bert, J. Stat. Mech. 0811, L11001 (2008),
arXiv:0807.5081 [hep-th].
[36] T. Bargheer, N. Beisert, and F. Loebbert,
J. Phys. A42, 285205 (2009), arXiv:0902.0956 [hep-th].
[37] B. Pozsgay, Y. Jiang, and G. Taka´cs, (2019),
arXiv:1911.11118 [hep-th].
[38] M. Lu¨scher, Commun. Math. Phys. 104, 177 (1986).
[39] M. Lu¨scher, Commun. Math. Phys. 105, 153 (1986).
[40] L. Castillejo, R. H. Dalitz, and F. J. Dyson,
Phys. Rev. 101, 453 (1956).
[41] G. Arutyunov, S. Frolov, and M. Staudacher,
JHEP 0410, 016 (2004), arXiv:hep-th/0406256 [hep-th].
[42] G. Arutyunov and S. Frolov,
J. Phys. A A42, 254003 (2009),
arXiv:0901.4937 [hep-th].
[43] N. Beisert, L. Fie´vet, M. de Leeuw, and
F. Loebbert, J. Stat. Mech. 1309, P09028 (2013),
arXiv:1308.1584 [math-ph].
[44] Note that our definition is slightly different from that of
Bargheer, Beisert and Loebbert; however as they them-
selves note, the difference is a local charge, which would
only yield a similarity transformation.
[45] We may think that we took a coincident-points limit like
in Zamolodchikov’s prescription for TT .
[46] V. Arnol’d,Mathematical Methods of Classical Mechanics ,
Graduate Texts in Mathematics (Springer New York,
1997).
[47] M. Borsi, B. Pozsgay, and L. Pristya´k, (2019),
arXiv:1908.07320 [cond-mat.stat-mech].
[48] B. Pozsgay, (2019), arXiv:1910.12833 [cond-mat.stat-mech].
[49] This can also be seen from observing that symmetry de-
scendant cannot be realised in the Bethe equations.
[50] J. Ambjørn, R. A. Janik, and C. Kristjansen,
Nucl. Phys. B736, 288 (2006), arXiv:hep-th/0510171.
[51] G. Arutyunov and S. Frolov, JHEP 0712, 024 (2007),
arXiv:0710.1568 [hep-th].
[52] M. Rigol, V. Dunjko, V. Yurovsky, and M. Olshanii,
Phys. Rev. Lett. 98, 050405 (2007).
[53] R. Borsato, O. Ohlsson Sax, and A. Sfondrini,
JHEP 1304, 113 (2013), arXiv:1211.5119 [hep-th].
[54] M. Beccaria, F. Levkovich-Maslyuk, G. Macorini,
and A. A. Tseytlin, JHEP 1304, 006 (2013),
arXiv:1211.6090 [hep-th].
[55] R. Borsato, O. Ohlsson Sax, A. Sfondrini, B. Stefan´ski,
jr., and A. Torrielli, JHEP 1308, 043 (2013),
arXiv:1303.5995 [hep-th].
[56] R. Borsato, O. Ohlsson Sax, A. Sfondrini, B. Stefan´ski,
jr., and A. Torrielli, Phys. Rev. D88, 066004 (2013),
arXiv:1306.2512 [hep-th].
[57] A. Sfondrini, J. Phys. A48, 023001 (2015),
arXiv:1406.2971 [hep-th].
[58] A. Dei and A. Sfondrini, JHEP 07, 109 (2018),
arXiv:1806.00422 [hep-th].
[59] A. Dei and A. Sfondrini, JHEP 02, 072 (2019),
arXiv:1812.08195 [hep-th].
[60] B. Le Floch and M. Mezei, SciPost Phys. 7, 043 (2019),
arXiv:1907.02516 [hep-th].
